Origami is the archetype of a structural material with unusual mechanical properties that arise almost exclusively from the geometry of its constituent folds and forms the basis for mechanical metamaterials with an extreme deformation response. Here we consider a simple periodically folded structure Miura-ori, which is composed of identical unit cells of mountain and valley folds with four-coordinated ridges, defined completely by 2 angles and 2 lengths. We use the geometrical properties of a Miura-ori plate to characterize its elastic response to planar and non-planar piecewise isometric deformations and calculate the two-dimensional stretching and bending response of a Miura-ori sheet, and show that the in-plane and out-of-plane Poisson's ratios are equal in magnitude, but opposite in sign. Our geometric approach also allows us to solve the inverse design problem of determining the geometric parameters that achieve the optimal geometric and mechanical response of such structures.
Folded and pleated structures arise in a variety of natural systems including insect wings
[1], leaves [2] , flower petals [3] , and have also been creatively used by origami artists for aeons [4] . More recently, the presence of re-entrant creases in these systems that allows the entire structure to fold and unfold simultaneously have also been used in deployable structures such as solar sails and foldable maps [5] [6] [7] . Complementing these studies, there has been a surge of interest in the mathematical properties of these folded structures [4, 8, 9] , and some recent qualitative studies on the physical aspects of origami [10] [11] [12] . In addition, the ability to create them de-novo without a folding template, as a self-organized buckling pattern when a stiff skin resting on a soft foundation is subject to biaxial compression [13] [14] [15] has opened up a range of questions associated with their assembly in space and time, and their properties as unusual materials.
Here, we quantify the properties of origami-based 3-dimensional periodically pleated or folded structures, focusing on what is perhaps the simplest of these periodically pleated structure, the Miura-ori pattern (Fig.1a) which is defined completely in terms of 2 angles and 2 lengths. The geometry of its unit cell embodies the basic element in all nontrivial pleated structures -the mountain or valley fold, wherein four edges (folds) come together at a single vertex, as shown in Fig.1d . It is parameterized by two dihedral angles θ ∈ [0, π], β ∈ [0, π], and one oblique angle α, in a cell of length l, width w, and height h. We treat the structure as being made of identical periodic rigid skew plaquettes joined by elastic hinges at the ridges. The structure can deploy uniformly in the plane (Fig.1b) by having each constituent skew plaquette in a unit cell rotate rigidly about the connecting elastic ridges.
Then the ridge lengths l 1 , l 2 and α ∈ [0, π/2] are constant through folding/unfolding, so that we may choose θ (or equivalently β) to be the only degree of freedom that completely characterizes a Miura-ori cell. The geometry of the unit cell implies that β = 2 sin −1 (ζ sin(θ/2)), l = 2l 1 ζ, w = 2l 2 ξ and h = l 1 ζ tan α cos(θ/2),
where the dimensionless width and height are ξ = sin α sin(θ/2) and ζ = cos α(1 − ξ 2 ) −1/2 .
We see that β, l, w, and h change monotonically as θ ∈ w ∈ [0, 2l 2 sin(θ/2)] and h ∈ [0, l 1 ]. The geometry of the unit cell implies a number of interesting properties associated with the expansion kinematics of a folded Miura-ori sheet, particularly in the limit of an orthogonally folds when α = π/2 (Appendix; A-1), the singular case corresponding to the common map fold where the folds are all independent. More generally, it is possible to optimize the volume of the folded structure as a function of the design variables (A-1).
From now on, we assume each plaquette is a rhombus, i.e. l 1 = l 2 = l e , to keep the size of the algebraic expressions manageable, although it is a relatively straightforward matter to account for variations from this limit. We characterize the planar response of Miura-ori in terms of 2 quantities -the Poisson's ratio which is a geometric relation that couples deformations in orthogonal directions, and the stretching rigidity which characterizes its planar mechanical stiffness.
The planar Poisson's ratio is defined as
The reciprocal Poisson's ratio is ν lw = 1/ν wl . Because ξ ≤ 1, the in-plane Poisson's ratio ν wl < 0 (Fig.2a) , i.e. Miura-ori is an auxetic material. To obtain the limits on ν wl , we consider the extreme values of α, θ, since ν wl monotonically increases in both variables.
Expansion of (3) shows that ν wl | α→0 ∼ α −2 , and thus ν wl | θ ∈ (−∞, − cot 2 (θ/2)], while ν wl | θ→0 ∼ θ −2 and thus ν wl | α ∈ (−∞, − cot 2 α]. When (α, θ) = (π/2, π), ν wl = 0 so that the two orthogonal planar directions may be folded or unfolded independently when the folds themselves are orthogonal, as in traditional map-folding. Indeed, the fact that this is the unique state for which non-parallel folds are independent makes it all the more surprising that it is still the way in which maps are folded -since it makes unfolding easy, but folding frustrating! Similar arguments can be applied to determine the other geometric Poisson's ratios related to height changes, ν hl and ν wh (A-2.1).
To calculate the in-plane stiffness of the unit cell, we note that the potential energy of a unit cell deformed by a uniaxial force f x in the x direction reads,
where the elastic energy of a unit cell is stored only in the elastic hinges which allow the plaquettes to rotate, with U = kl e (θ−θ 0 ) 2 +kl e (β−β 0 ) 2 , k being the hinge spring constant, θ 0 and β 0 (= β(α, θ 0 )) being the natural dihedral angles in the undeformed state. The external force f x at equilibrium state is obtained by solving the equation δH/δθ = 0 (A-2.2), while the stretching rigidity associated with the x direction is given by
where ξ 0 = ξ(α, θ 0 ) and ξ is defined in (2). To understand the limits of K x , we expand (A.8) in the vicinity of the extreme values of α and θ 0 which gives us K x ∼ α −2 as α → 0,
We see that K x has a singularity at (α, θ) = (π/2, π).
We note that K x is not monotonic in either α or θ 0 , so that there is an optimal pair of these variables for which the stiffness is an extremum. Setting
allows us to determine the optimal design curves, θ 0m (α) (green dotted curve in Fig.2b ) See the text for details.
and α m (θ 0 ) (red dashed curve in Fig.2b ) that correspond to the minimum value of the stiffness K x as a function of the underlying geometric parameters defining the unit cell.
These curves are monotonic, and furthermore θ 0m (α) is perpendicular to α = 0, because when α → 0 it is asymptotically approximated by 4(θ 0m − π/2) = α 2 (A-2.3). Similarly, To understand the bending response of Miura-ori, we must consider the conditions when it is possible to bend a unit cell isometrically, i.e. with only rotations of the plaquettes about the hinges. Geometric criteria show that planar folding is the only possible motion using rigid rhombus plaquettes in our Miura-ori plates (A-3.1). To enable the bending mode, the minimum model for isometric deformations requires the introduction of 1 additional diagonal fold into each plaquette (Fig.3a) 
where φ 2 , φ 4 are rotation angles about internal folds − −− → O 7 O 2 and − −− → O 8 O 3 respectively, which are positive according to the right-hand rule (A-3.2). We note that although there are a total of 5 deformation angles (Fig.3a) , both κ x and κ y depend only on φ 2 and φ 4 . This is because of the symmetry of deformations about xoz plane; φ 3 and φ 5 are functions of φ 1 and φ 2 (Eq.
A.26 in A), and the case that φ 1 changes while keeping φ 2 and φ 4 being 0 corresponds to the planar stretch of a unit cell, so φ 1 does not contribute to both curvatures. This is consistent with our intuition that bending a unit cell requires the bending of plaquettes. The Poisson's ratio for bending is thus given by
where the last equality follows from Eqs. it is not as restrictive as it seems, since small changes to the unit cell can still lead to large global deformations of the entire sheet.
Given the bending behavior of a unit cell, we now turn to a complementary perspective to derive an effective continuum theory for a Miura-ori plate that consists of many unit cells.
Our calculations for the unit cell embodied in (5) show that κ x /κ y is only a function of the design angles α and θ, and independent of deformation angles, i.e. one cannot independently control κ x and κ y . Physically, this means that cylindrical deformations are never feasible, and locally the unit cell is always bent into a saddle. Mathematically, this means that the stiffness matrix of the two-dimensional orthogonal plate [18] is singular, and has rank 1.
In the continuum limit, this implies a remarkable result: the Miura plate can be described completely by a 1-dimensional beam theory instead of a 2-dimensional plate theory.
To calculate the bending response of a unit cell, we consider the bending stiffness per unit width of a single cell in the x direction B x . Although the bending energy is physically stored in the 8 discrete folds, it may also be effectively considered as stored in the entire unit cell that is effectively bent into a sheet with curvature κ x . Equating the two expressions allows us to derive B x (A-3.4). In general, B x depends on multiple deformation angles as they are not necessarily coupled, although here, we only study the "pure bending" case (A-3.5),
where a row of unit cells aligned in the x direction undergo the same deformation and the stretching is constrained, i.e. φ 1 = 0 for all cells, and then φ 2 = φ 4 must be satisfied. In this well-defined case of bending, B x is solely dependent on the design angles, so that
as shown in Fig.3c , and we have assumed that all the elastic hinges in a cell have the same stiffness.
Just as there are optimum design parameters that allow us to extremize the in-plane rigidities, we can also find the optimal design angle pairs that result in the minima of B The deformation response of a complete Miura-ori plate requires a numerical approach because it is impossible to assemble an entire bent plate by periodically aligning unit cells with identical bending deformations in both the x and y direction (A-4.1). Our model takes the form of a simple triangle-element based discretization of the sheet, in which each edge is treated as a linear spring with stiffness inversely proportional to its rest length. Each pair of adjacent triangles is assigned an elastic hinge with a bending energy quadratic in its deviation from an initial rest angle that is chosen to reflect the natural shape of the Miur-ori plate. We compute the elastic stretching forces and bending torques in a deformed mesh [19, 20] , assigning a stretching stiffness that is six orders of magnitude larger than the bending stiffness of the adjacent facets, so that we may deform the mesh nearly isometrically (A-4.2). When our numerical model of a Miura-ori plate is bent by applied force dipoles along its left-right boundaries, it deforms into a saddle (Fig.3b) . In this state, asymmetric inhomogeneous twisting arises in most unit cells; indeed this is the reason for the failure of averaging for this problem since different unit cells deform differently. This is in contrast with the in-plane case, where the deformations of the unit cell are affinely related to those of the entire plate.
To compare the predictions for the bending Poisson's ratio ν b of the one-dimensional beam theory with those determined using our simulations, in Fig.3d we plot ν b from (6) (the gray scale contour plot) based on a unit cell and ν b extracted at the center of the bent Miura-ori plate from simulations (the red curves). We see that these two results agree very well, because the unit cell in the center of the plate does have a symmetry plane so that only symmetric bending and in-plane stretching modes are activated, consistent with the assumptions underlying (6). (A-4.2.)
Our physical analysis of the properties of these folded structures, mechanical metamaterials that might be named Orikozo, from the Japanese for Folded Matter are rooted in geometry of the unit cell as characterized by a pair of design angles α and θ together with its symmetry and the constraint of isometric deformations. It leads to simple expressions for the linearized planar stretching rigidities K x , K y , and non-planar bending rigidities B x and B y . Furthermore, we find that the in-plane Poisson's ratio ν wl < 0, while the out-of-plane bending Poisson ration ν b > 0, an unusual combination that is not seen in simple materials, satisfying the general relation i.e. ν wl = −ν b ; a consequence of geometry alone. Our analysis also allows us to pose and solve a series of design problems to find the optimal designs of the unit cell that lead to extrema of stretching and bending rigidities as well as contraction/expansion ratios of the system. This paves the way for the use of optimally designed Miura-ori patterns in such passive settings as three-dimensional nanostructure fabrication [21] , and raises the possibility of optimal control of actuated origami-based materials in soft robotics [22] and elsewhere using the simple geometrical mechanics approaches that we have introduced here.
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GEOMETRY AND KINEMATICS
Before we discuss the coupled deformations of the plate embodied functionally as β(α, θ), we investigate the case when α = π/2 corresponding to an orthogonally folded map that can only be completely unfolded first in one direction and then another, without bending or stretching the sheet except along the hinges. Indeed, when α = π/2 and θ = π, Eq. (1) reduces to β = 0, l = 0 and h = l 1 , the singular limit when Miura-ori patterned sheets can not be unfolded with a single diagonal pull. Close to this limiting case, when the folds are almost orthogonal, the Miura-ori pattern can remain almost completely folded in the x direction (β changes only by a small amount) while unfolds in the y direction as θ is varied over a large range, only to expand suddenly in the x direction at the last moment. This observation can be explained by expanding Eq. (1) asymptotically as α → π/2 and θ → π,
, where δ = π/2 − α and = π − θ. Thus, we see that for any fixed small constant δ, only when < δ, do we find that β → π, l → 2l 2 and h → 0, leading to a sharp transition in the narrow neighborhood (∼ δ) of θ = π as α → π/2 (Fig.A.1a) , consistent with our observations.
More generally, we start by considering the volumetric packing of Miura-ori characterized by the effective volume of a unit cell V ≡ l × w × h = 2l 2 1 l 2 ζ 2 sin θ sin α tan α, which vanishes when θ = 0, π. To determine the conditions when the volume is at an extremum for a fixed in-plane angle α, we set ∂ θ V | α = 0 and find that the maximum volume
shown as a red dashed line in Fig.A.1b . Similarly, for a given dihedral angle θ, we may ask when the volume is extremized as a function of α? Using the condition ∂ α V | θ = 0 shows that the maximum volume is given by shown as a red dashed line in Fig.A. 1b. These relations for the maximum volume as a function of the two angles that characterize the Miura-ori allow us to manipulate the configurations for the lowest density in such applications as packaging for the best protection.
In the following sections, we assume each plaquette is a rhombus, i.e. l 1 = l 2 = l e , to keep the size of the algebraic expressions manageable, although it is a relatively straightforward matter to account for variations from this limit.
IN-PLANE STRETCHING RESPONSE OF A MIURA-ORI PLATE

Poisson's ratio related to height changes
Poisson's ratios related to height changes, ν hl and ν wl read and thus ν hw | α ∈ [0, ∞), while ν hw | θ ∈ [tan 2 (θ/2), 0]. Finally, it is worth pointing out that ν hw has a singularity at (α, θ) = (π/2, π).
Stretching stiffness K x and K y
Here we derive the expressions for stretching stiffness K x and K y .
The expression for the potential energy of a unit cell deformed by a uniaxial force f x in the x direction is given by
where the unit cell length l is defined in Eq. (1). The elastic energy of a unit cell U is stored only in the elastic hinges which allow the plaquettes to rotate, and is given by
where k is the hinge spring constant, and θ 0 and β 0 (= β(α, θ 0 )) are the natural dihedral angles in the undeformed state. The external force f x at equilibrium state is obtained using the condition that the first variation δH/δθ = 0, which reads
where U is defined in Eq. (A.5), l is defined in Eq.
(1), and in addition (α, θ) = cos α 1 − ξ 2 and η(α, θ) = cos α sin 2 α sin θ
The stretching rigidity associated with the x direction is thus given by
where ξ 0 = ξ(α, θ 0 ).
Similarly, the uniaxial force in the y direction in a unit cell at equilibrium is
where w is defined in Eq.
(1) and is defined in Eq. (A.7). The stretching rigidity in y direction is thus given by
of which the contour plot is show in Fig. A. 1c.
Asymptotic cases for optimal design angles
The expressions in Section 2.2 allow us to derive in detail all the asymptotic cases associated with the optimal pairs of design angles which correspond to the extrema of stretching rigidities K x and K y . For simplicity, we use (α, θ) instead of (α, θ 0 ) to represent the design angle pairs when the unit cell is at rest.
1. Expanding ∂ θ K x in the neighborhood of α = 0 yields
As α → 0, θ → π/2 to prevent a divergence. Continuing to expand Eq. (A.11) in the neighborhood of θ = π/2 and keeping the first two terms yields
Therefore in the contour plot of K x (Fig.3b in the main text) , the greed dotted curve is approximated by 4(θ − π/2) = α 2 in the neighborhood of α = 0, and is perpendicular to α = 0 as θ is quadratic in α.
2. Expanding ∂ α K x in the neighborhood of θ = 0 yields only keeping the first two terms yields
(A.14)
so the red dashed curve in the contour plot of K x (Fig.3b in the main text) is perpendicular to θ = 0.
3. Similarly, Expansion of ∂ α K y near θ = π yields 
So the green dotted curve in the contour plot of K y (Fig. A.1c ) is approximated by The red dashed curve (Fig. A.1c ) starting at this point shows a collection of optimal design angle pairs (α, θ) where K y | θ is locally maximal.
OUT-OF-PLANE BENDING RESPONSE OF A MIURA-ORI PLATE
Minimum model for isometric bending
Here we show that planar folding is the only geometrically possible motion under the assumption that the unit cell deforms isometrically, i.e. with only rotations of the rhombus plaquettes about the hinges. To enable the out-of-plane bending mode, the minimum model for isometric deformations requires the introduction of 1 additional diagonal fold into each plaquette, and this follows from the explanation below. In order to enable the bending mode of the unit cell, the planarity of each plaquette must be violated. In the limit where the plaquette thickness t 1 the stretching rigidity (∼ t) is much larger than the bending rigidity (∼ t 3 ), with t being the thickness of a plaquette, while the energy required to bend a strip of ridge is 5 times of that required to stretch it according to the asymptotic analysis of the Föppl − von Kármán equations [23] . Therefore, the rigid ridge/fold is an excellent approximation for out-of-plane bending when t 1. Then, to get a bent shape in a unit cell and thence in a Miura-ori plate, we must introduce an additional fold into each rhombus to divide it into two elastically hinged triangles (Fig.A.2b) . 
The coordinates of O 3 after bending are
The coordinates of O 4 after bending are
3 − cos(2α)(cos θ − 1) + cos θ φ 1 .
(A.22)
The coordinates of O 6 after bending are The coordinates of O 7 , O 8 and O 9 after bending are
(A.25)
Due to symmetry, O 3 must lie in the xoz plane after bending, so O 3y = 0, from which φ 3 and φ 5 can be expressed as a function of φ 1 and φ 2 , φ 3 = 8 cos α 3 + cos(2α) + 2cosθ sin 2 α φ 1 + 1 2 csc α 2 1 − 8 cos α 3 + cos(2α) + 2 cos θ sin 2 α φ 2 . 1 − ξ 2 = − 4 cos α sin α sin(θ/2) 3 + cos(2α) + 2 cos θ sin 2 α φ 1 , (A.27) and the dihedral angle between plane O 3 O 6 O 9 and plane xoy is
The curvature κ x hence is
The curvature of the unit cell in the y direction is defined as the dihedral angle between plane O 4 O 5 O 6 and O 7 O 8 O 9 projected onto the y direction over the unit cell width w, which is expressed as Here we explain why it is impossible to assemble an entire bent plate by periodically aligning unit cells with identical bending deformation in both the x and y direction.
In Fig.A.3 , the 4 unit cells C 1 , C 2 , C 3 and C 4 have identical bending deformations: C 1 and C 2 align perfectly in the x direction, which requires that
. C 1 and C 3 , C 2 and C 4 align perfectly in the y direction respectively, which is automatically satisfied by the symmetry of the unit cell. Now the question becomes whether the unit cell C 3 and C 4 can align together? The answer is no. The reasoning is as follows. 
Simulation model
In this subsection, we explain the bending model and the strategies used to bend the Miura-ori plate.
We endow these triangulated meshes with elastic stretching and bending modes to capture the in-plane and out-of-plane deformation of thin sheets. The stretching mode simply treats each edge in the mesh as a linear spring, all edges having the same stretching stiff- ness. Accordingly, the magnitude of the restorative elastic forces applied to each node in a deformed edge with rest length x 0 and stretching stiffness k is given by ks x 0 (x − x 0 ) and the energy contained in a deformed edge is given by
The x 0 term in denominator of the stretching mode ensures mesh-independence. The bending mode is characterized in terms of four vectors u 1 , u 2 , u 3 and u 4 , each of which is applied to a node in a pair of adjacent triangles. Defining the weighted normal vectors N 1 = (x 1 − x 3 ) × (x 1 − x 4 ) and N 2 = (x 2 − x 4 ) × (x 2 − x 3 ) and the shared edge E = x 4 − x 3 , we may write
which is quadratic in θ for θ ∼ θ 0 .
We introduce viscous damping so that the simulation eventually comes to rest. Damping forces are computed at every vertex with different coefficients for each oscillatory mode, bending and stretching. We distinguish between these two modes by projecting the velocities of the vertices in an adjacency onto the bending mode, and the velocities of the vertices in an edge onto the stretching mode.
We use the Velocity Verlet numerical integration method to update the positions and velocities of the vertices based on the forces from the bending and stretching model and the external forces from our bending strategies. At any time t + ∆t during the simulation we can approximate the position x(t + ∆t) and the velocityẋ(t + ∆t) of a vertex as x(t + ∆t) = x(t) +ẋ(t) ∆t + 1 2ẍ (t) ∆t 2 , x(t + ∆t) =ẋ(t) +ẍ (t) +ẍ(t + ∆t) 2 ∆t.
(A.49)
A single position, velocity and accleration update follows a simple algorithm.
• Compute x(t + ∆t)
• Computeẍ(t + ∆t) using x(t + ∆t) for stretching and bending forces andẋ(t) for damping forces
• Computeẋ(t + ∆t)
Note that this algorithm staggers the effects of damping on the simulation by ∆t. Fig.A.4b ). Each unit cell has one such pair of edges and we apply equal and opposite forces to the not-shared vertices in this pair, the directions of which are normal to the plane spanned by the pair of edges. We take out the 11th row and 11th column of vertices on the top surface as two sets of points to locally interpolate the curvature near the center of the plate in x and y direction respectively. The largest difference of ν b for the same design angle pairs α and θ between both B.Cs applied is less than 0.5%.
By applying the bending strategies described above, we are able to generate deformed Miura-ori plates in simulation. See the simulation result in the below interactive Fig.A.5 to understand the saddle geometry that results from bending the Miura-ori. Readers may want to play with different toolbar options to better visualize the geometry. For better display purpose, we use an example with pronounced deformation. However in the simulation we have done, we make sure that the radius of curvature is at least 10 times larger than the plate size, such that the deformation is within linear regime. Readers may want to play with different toolbar options to better visualize the geometry.
